The quantum periodic XXZ chain with alternating spins is studied. The properties of the related R-matrix and Hamiltonians are discussed. A compact expression for the ground state energy is obtained. The corresponding conformal anomaly is found via the finite-size computations and also by means of the Bethe ansatz method. In the presence of an external magnetic field, the magnetic susceptibility is derived. The results are also generalized to the case of a chain containing l different spins.
Introduction
(1+1)-dimensional integrable -exactly solvable -field theories and one dimensional integrable lattice models have been extensively studied during the last two decades. They found numerous applications in a variety of areas in statistical physics [1, 2] , condensed matter physics [3] , and high energy physics [4] . Apart from that, integrable models have their own mathematical interest in the context of quantum groups [5, 6] .
The most known examples of quantum integrable models are the sine-Gordon model for which physical quantities such as spectrum and exact scattering matrices have been determined [7] , and the Heisenberg model solved originally by Bethe [8] . For the Heisenberg model as well, quantities of physical interest, such as spectrum, scattering matrices, and correlation functions have been explicitly derived [2, 9, 10 ].
An integrable generalization of the Heisenberg model to higher spins and its q-deformation (the XXZ model) have been extensively studied in the literature (see e.g., [11] - [18] ). In this paper we will investigate the integrable alternating XXZ spin chain, i.e., an inhomogeneous chain with spin S 1 at odd sites and spin S 2 at even sites. The first study of such a model, with (S 1 , S 2 ) = ( 1 2 , 1) was done in [19] . Later, various aspects of alternating chains were considered also in [20] - [25] but mostly for specific cases like ( 2 ). Our aim is to elaborate the generic (S 1 , S 2 ) 0 e-mail: bytsko@pdmi.ras.ru, doikou@lapp.in2p3.fr case in detail in the framework of the algebraic Bethe ansatz with a particular emphasis on the thermodynamic limit and the finite size correction analysis and then to generalize the results to the case of l spins. In the present paper we will consider only the case for periodic boundary conditions. Some related results on open chains were presented in [26] .
The paper is organized as follows. In Section 2 we outline the basic ingredients of the algebraic Bethe ansatz approach for the model in question, in particular, we discuss the structure and properties of the related R-matrix and Hamiltonians (technical details are given in the Appendix A). In Section 3 we consider the model at zero temperature. We show that its ground state energy can be expressed in terms of a specific q-deformation of the Ψ-function (related to the Barnes double gamma function).
Here we also present some finite-size computations of the corresponding central charge. In Section 4 we first derive the Bethe equations in the thermodynamic limit at finite temperature T and in the presence of a magnetic field H. Then we compute the resulting magnetic susceptibility in the T → 0 limit. We also derive the effective conformal anomaly of the system by means of the thermodynamic limit of the algebraic Bethe ansatz and remark that the underlying conformal theory should have a spinon basis related to the D n algebra. In Section 5 we generalize our results to the case of the XXZ chain containing l different spins.
For compactness of notations, we will use in the text both the deformation parameter γ and q ≡ e iγ . In Section 2 we assume that q is either real or takes values on the unit circle, whereas the results of Sections 3, 4, and 5 are valid only for the latter case.
Algebraic Bethe ansatz 2.1 R-matrix
The underlying algebra of the XXZ model is the quantum Lie algebra U q (sl 2 ) with the following defining relations [11] [S
where
is the standard definition of q-number. For generic q algebra (1) has the same structure of representations as the undeformed algebra sl 2 . In particular, irreducible highest weight representations V S are parameterized by non-negative integer of half-integer spin S and are (2S + 1)-dimensional. In this case, the generators (1) regarded as elements of End(C 2S+1 ) admit the following matrix realization 
where m, n = 1, ..., 2S+1.
An L-operator associated with the XXZ model can be chosen as follows
The defining relations (1) are then equivalent to the following matrix exchange relation 12 (λ) ,
where R 
For a homogeneous spin chain or a related lattice model, it suffices to consider the "diagonal" solution R SS (λ) of (6) . However, to deal with an inhomogeneous chain, it is unavoidable to use the general solution R S 1 S 2 (λ). We provide the necessary details below.
Define the "total spin" operator J on V S 1 ⊗ V S 2 as
where δS = |S 1 − S 2 |, and P j is the projector onto V j in the Clebsch-Gordan decomposition of
is a function non-singular on spec J, then eq. (7) allows us to define f (J) =
j=δS f (j)P j . With these notations, a solution R S 1 S 2 (λ) to the U q (sl 2 )-Yang-Baxter equation (6) consistent with the L-operator (4) can be written as follows (see Appendix A)
Here Γ q (x) is a q-deformation of the gamma function such that 1
and R ± are the constant universal R-matrices [5, 47] ,
The q = 1 limit of (8) gives the well-known sl 2 -solution constructed in [27] .
As we discuss in Appendix A, the following relation holds
where P is the permutation in V S ⊗V S . Identity (11) ensures an important property of the solution (8):
Also, one can show that (8) enjoys the following symmetries
where t stands for the matrix transposition consistent with (3).
In order to obtain R S 1 S 2 (λ) in terms of the algebra generators, which is needed, e.g., for constructing related Hamiltonians, one can substitute into (8) the following explicit form of the projectors (see, e.g., [28] )
Formulae (8), (15) , and (16) allow us, in particular, to verify that R 1 2 S (λ) does reproduce the L-operator (4). Let us however describe another way of doing that. To this end we will construct the "Baxterized" form of R(λ) for higher spins. As we show in Appendix A, the projectors admit the following form
This formula along with (8) allows us to find an expression for R(λ) in terms of R + and R − : 
2 ) coincides with L S (λ) given by (4). Let us remark that, twisting (4), we can obtain other L-operators related to the XXZ chain. In particular, the following one is often used in the literature:
From the Yang-Baxter equation (6) and the U (1) symmetry of the solution (8),
it follows that the universal R-matrix corresponding to (20) is related to (8) aŝ
It has the following symmetries (see Appendix A)
Hamiltonian
In order to construct a Hamiltonian for a closed alternating spin chain we apply a generalization of the method developed in [29] and consider two transfer matrices: 2
where the auxiliary space (denoted by the subscript a) is V S 1 and V S 2 , respectively. Since the monodromy matrices satisfy the Yang-Baxter equation
the corresponding transfer matrices commute
Therefore, the first and higher order logarithmic derivatives of τ (i) (λ) at λ = 0 are quantum integrals of motion. Moreover, thanks to the property (12), these integrals are local, according to Theorem 3 in [30] .
Using the property (12) (along with tr a P ab = 1), we find that (27) where N + 1 ≡ 1 (the periodic boundary conditions). Noticing that for both τ (0)'s in (27) all R(0)'s commute among each over, it is not difficult to obtain the following expressions for Hamiltonians
with H (i) n being local Hamiltonians involving three nearest sites:
whereĩ = i+1 (mod2), and
is the local Hamiltonian of the homogeneous spin S chain. These formulae provide a particular case of local Hamiltonians for inhomogeneous chains derived in [30] (see also [19] ). Obviously, they recover the homogeneous case as well since for S 1 = S 2 we have R
n,n+1 (0) = P n,n+1 , and then
n becomes a sum of two terms of the type (30) .
Let us notice that, computing in the same way the local HamiltoniansĤ n corresponding to the R-matrix (22) and taking the property (21) into account, we obtain
Hence for the total Hamiltonians we haveĤ (i) = H (i) .
Let Ψ q (x) denote logarithmic derivative of the q-gamma function used in (8) , so that we have, in particular, Ψ q (x + 1) = Ψ q (x) + γ cot γx. Then (8) allows us to rewrite the local Hamiltonian in the following, more explicit, form
where the quantum space is V S i at the sites n, n+2, and V Sĩ at the site n+1.
In order to exemplify (29) and (32), let us construct H
n explicitly for (S 1 , S 2 ) = ( 
where σ = (σ 1 , σ 2 , σ 3 ) consists of the Pauli matrices. In this case (32) yields
Here and below { , } stands for the anticommutator. Since
, it is easy to see that, for S = 1 2 , eq. (34) reduces to the usual Heisenberg Hamiltonian. In a slightly different form (34) was given also in [20] .
In the XXZ case, it is easier to computeĤ (1) n , taking into account the symmetry (23) . To write down the answer in a compact form, we introduce the Sklyanin generators [31] of U q (sl 2 ),
They satisfy the following quadratic relations
Using these relations, we obtain from (29)-(31) the following ( 1 2 , S)-Hamiltonian (see also [19] for a (
where S = (S 1 , S 2 , S 3 ) and σ γ = (σ 1 , σ 2 , σ 3 cos γ). For S = Consider the * -structure on U q (sl 2 ) corresponding to the compact real form U q (su(2)), i.e., an anti-automorphism such that (
and that extends onto a tensor product as (ξ ⊗ ζ) * = ξ * ⊗ ζ * . If q is real or |q| = 1 we have (see Appendix A) the following "unitarity" relations
Applying the latter relation along with (14) to the counterpart of (29) forĤ
n and taking into account that h * nm = h nm (see, e.g. [28] ), we infer that
Therefore, the total Hamiltonian of an alternating spin chain H (i) is hermitian if γ ∈ R or iγ ∈ R.
Momentum operator
Unlike the homogeneous case, the transfer matrix τ (i) (0) is not the shift operator and hence its logarithm cannot be interpreted as the momentum operator. Observe however that the products of permutations entering (27) ,
are shift operators of odd/even lattice sites by two steps, i.e.,
This motivates to consider quantum integrals of motion generated by τ 1,2 (λ) = τ (1) (λ)τ (2) (λ). Due to (26) , the corresponding Hamiltonian is given by
with H (i) defined in (28) and J > 0 being a coupling constant.
In order to compute ln τ 1,2 (0) we need a property of the R-matrix that follows from evaluating the Yang-Baxter equation (6) 
In view of (12) this leads to the relation
and we infer, in particular, that
if the normalization of the R-matrix was chosen appropriately (as, e.g., in (8)). Now, using (27) , (42) , and (45), we obtain
which generates a shift by two lattice sites. Thus, P = 1 2i ln τ 1,2 (0) can be regarded as the momentum operator (as was observed also in [19] ). Similarly to the homogeneous spin chain, the pair (H, P) defines in the gapless regime (|q| = 1) at zero temperature a conformally invariant system.
Bethe equations
Consider the alternating XXZ chain of even length N . According to the general scheme of the algebraic Bethe ansatz [29, 30] (see also [32] for a review), eigenvectors and eigenvalues of the auxiliary transfer matrix
where the trace is taken over the auxiliary space V 1
2
, are parameterized by solutions of the system of equations
where M is the level of a Bethe vector Ψ(λ 1 , . . . , λ M ); it is related to the total z-component of the spin as
implies commutativity of the corresponding transfer matrices,
Therefore the eigenvectors of τ (0) (λ) are simultaneously eigenvectors for τ (j) (λ). Moreover, as follows from the results of [30] , eigenvalues of the momentum operator P and the Hamiltonian H (in the presence of an external magnetic field H) are given by
where we introduced the functions
The corresponding values for the alternating XXX chain are obtained by the γ → 0 limit of (52)-(54).
3 Ground state energy and finite size effects at T = 0
Ground state energy
Let π/γ be integer. In the thermodynamic limit, when M, N → ∞, the string hypothesis holds [33] , namely solutions of the Bethe equations (48) form string-like clusters, i.e., groups of the type
where the centers of strings λ n α and λ 0 α are real, and λ (0) is the negative parity string. The number n is called the length of a string.
At the zero temperature the system is in its ground state which, as we will see below, is a Dirac sea filled by strings of lengths 2S 1 and 2S 2 (negative parity strings are not present). Taking logarithm of (48) and carrying out summation along the strings in the standard way, we obtain a set of equations on the centers of these strings:
where δS = |S 1 − S 2 | and λ
(for n = m the term with l = 0 is omitted).
When N, M → ∞, (56) become integral equations:
where the convolution is defined as (u
, and Φ ′ n,m (λ) is the derivative of (57). It is straightforward to check that
Using this and taking Fourier transform of (58), it is not difficult to see that the only solution of these equations is given by
As follows from (52), (54), and (60), computation of the ground state energy amounts to computing a sum of integrals of the following type
where, in the last equality, we took (59) into account. Expanding the functions in the denominator in series, we obtain
Let us now show that I γ (m) admits, for real γ, a compact form in terms of a certain deformation of the Ψ-function. To this end we define the following special function
where q = e iπb 2 , 0<b<1 and Γ 2 (x|ω 1 , ω 2 ) is the double gamma function introduced by Barnes [34] . Properties of Γ 2 (x|ω 1 , ω 2 ) imply the following relations
first of which allows us to regard Γ q (x) as a q-deformation of the gamma function. Γ q (x) is closely related to the noncompact quantum dilogarithm that has been actively studied recently [35] in the context of integrable models. In particular, it can be shown that
This expression allows us to establish connection between the integral in (61) and the q-deformation of the Ψ-function defined via Ψ q (x) ≡ ∂ x ln Γ q (x). Namely, we find that
Now, from (52), (60), (61), and (66), we obtain the ground state energy per lattice site
For a homogeneous chain, (67) reduces to
Replacing q-deformed Ψ-functions with ordinary Ψ-functions in (67)-(68), one recovers the energy densities in the XXX case. In particular, (68) turns in this limit into the well-known formula [12] .
It is worth noticing that the first relation in (64) implies that Ψ q 2 (x + 1) − Ψ q 2 (x) = 2γ cot 2γx. Therefore, if S 1 and S 2 or, respectively, S are integer, we can rewrite (67) and (68) in terms of trigonometric functions:
e(S) = −γJ
Finite size corrections
It is well known that statistical systems at criticality are expected to exhibit conformal invariance [36] . Therefore, the critical behavior of such systems should be described by a certain conformal field theory. One can identify the corresponding effective central charge c by investigating the finite size effects of the ground state of a critical system [37] . For a spin chain of a finite length N , the ground state energy at zero temperature depends on N as follows:
where v s is the speed of sound. With the energy and momentum normalization as in (52) we have v s = πJ/2 provided that the condition in (60) is satisfied [16, 19, 24] . In this section we choose J = 1, so that v s = π/2.
We will apply formula (71) to the alternating XXX spin chain in order to find the corresponding central charge numerically. To this end we start with solving numerically eqs. (56) in the case γ = 0. The solution of these equations is unique since they are extremum conditions for a convex function (Yang's functional, see [2] for the analogous consideration in the homogeneous case).
It is interesting to notice that, if we assume that roots of the Bethe equations form exact strings even for finite N and that the centers of these strings are given by (56), then formula (71) yields the same valuec = 2 + O(N −1 ) for all alternating chains (see Table 1 ) thus predicting the conformal anomalyc = 2 independent of the spins (provided that S 1 = S 2 ). The interpretation of this phenomenon is that the field theories arising as H = 0, T → 0 limit and T = 0, H → 0 limit of a spin chain are, in general, different (see the discussion in [22] ) and a finite-size computation based on the string hypothesis corresponds to the latter limit. The same phenomenon occurs for a homogeneous chain; in this case an analytic or numeric finite-size computation using the string hypothesis gives c = 1 independent of spin S, whereas those not using the string hypothesis give c = 3S/(S + 1). Comparing this fact with our result described above, we may conjecture that a finite-size computation based on the string hypothesis performed for a chain containing equal number of l different spins will givec = l (which is the smallest possible value of c for such a chain, see Section 5). Although, as we discussed above, the string solutions constructed on the base of (56) are not exact, they, as seen from Table 1 , provide good initial data for iterative numerical computations.
Using them as a first approximation and applying a Newton-type method, we solved numerically the XXX version of eqs. (48) for several alternating chains and computed the corresponding ground state energy. Then we used formula (71) and eq. (67) in order to find the finite-size estimate of the central charge for these chains. Our results, presented in Table 2 , are described by the following expression
This formula was conjectured in [20] as an extrapolation of the results for the ( 1 2 , S) XXX chain. Since it is known that for the homogeneous XXZ chain the central charge does not depend on the anisotropy (if 2γS < π) and coincides with that of the XXX chain, one can expect that (72) applies to the alternating XXZ chain as well (provided that the condition in (60) is satisfied). This is indeed so, as we will demonstrate below. 
Thermodynamics
In this section we will investigate the thermodynamics of the alternating XXZ chain in the case where the anisotropy parameter ν = π γ ≥ 3 is an integer number and ν > 2S i . Our analysis follows, with proper modifications, the standard Bethe ansatz method [9, 14, 16, 19, 32] .
Bethe equations at T > 0
Denote ϑ i ≡ 2S i ; without loss of generality we will always assume that ϑ 2 ≥ ϑ 1 . Following [19, 25] , it is convenient to introduce the functions
Then the Bethe equations (48) acquire the form
The spin, energy and momentum of a state are given in terms of the Bethe ansatz roots λ α by eqs. (49) and (52) . In this section we set J = 1/π.
In the thermodynamic limit N, M → ∞ the string hypothesis holds [33] , and the Bethe equations become
where the notation for the centers of strings are as in (55), n takes values 1, 2, . . . , (ν − 1), and
The energy (52) of a given state takes the form
It is useful to notice that the Fourier transforms of these quantities arê
, ν < n < 3ν .
In the N → ∞ limit we obtain from (78) an expression for the energy density:
where ρ n is the density of the n-strings (pseudo-particles) and ρ 0 is the density of the negative parity string. The energy density of the ground state (T = 0, H = 0), which consists of two filled Dirac seas (strings of length ϑ 1 and ϑ 2 ) is given by
where (cf. (60))
Besides the densities of pseudo-particles we need to introduce the densities of holesρ n (for n-strings) andρ 0 (for the negative parity string). Then, taking the logarithm of (75)-(76) and differentiating, one findsρ
In order to find ρ n , ρ 0 in terms ofρ n ,ρ 0 , it is convenient to consider the convolution of the first of the density equations (85) with the inverse of A nm which is given bŷ
Taking into account the following identities (summation over m is implied)
we obtain the following expressions
According to the standard statistical principles, the entropy density of the system is given by
Denote η n (λ) =ρ
ρn(λ) . The free energy of the system is F = E − T S. The equilibrium condition, δF = 0, along with relations (82), (85), and (91) yields the thermodynamic Bethe ansatz equations
These equations can be rewritten with the help of (87)-(89) as follows
where ǫ n (λ) ≡ T ln η n (λ) are the so-called pseudo-energies (the terms with ln(1 + η 0 ) and ln(1 + η ν ) are omitted in the equations for ǫ 1 and ǫ ν−1 , respectively). Observe that the equations for ǫ 0 and ǫ ν−1 in (93) lead to the relation
This implies, in particular, that the case ϑ 2 = ν−1 (recall that ϑ 1 ≤ ϑ 2 ) is special because then an extra term appears in the equation for ǫ 0 . Indeed, if ϑ 2 = ν−1, the ϑ 2 -strings get close to the odd parity strings, namely ℑ(λ (55)). As seen from the r.h.s. of (48), this affects the structure of the roots of the Bethe equations.
Using (85), (92), and (89), we obtain the following expression for the free energy density at the equilibrium
The T = 0, H ≪ 1 limit
At zero temperature, the ground state in the anti ferromagnetic regime consists of two filled Dirac seas (strings of length ϑ 1 and ϑ 2 ≥ ϑ 1 ). In this case we can rewrite the equations (92) for the strings ϑ 1 and ϑ 2 only in the following approximate form
In the T = 0 limit the following quantities are defined for i = 1, 2
Then equation (96) can be rewritten as follows
By solving the above system with the help of (88), we obtain
where the kernel M has the following Fourier imagê
and δϑ = ϑ 2 − ϑ 1 . Notice that, as in [38] , the quantities h i , h are related to the LL (RR) scattering between left (right) movers, and the LR (left-right movers) massless scattering (see e.g. [39] ).
Eqs. (99) imply that ǫ i (λ) are monotonically increasing functions of |λ| with the maximal values given by
Therefore, for H small but non-vanishing, the pseudo-energies ǫ i (λ) are negative only on finite intervals |λ| < α i . Having (99) in mind, we introduce the zeroes of the pseudo-energies as follows
where k i (which do not depend on H) are to be determined later. Next we define the functions
and S i (λ) = 0 for λ < 0. Making the shift λ → λ + α i in (99) and using that s(λ + α i ) → ξH k i e −πλ (since α i → ∞ as H → 0), we obtain a Wiener-Hopf type system
The above system can be solved via the standard Wiener-Hopf methods as follows. The Fourier image of the matrix kernel K of the system (105) iŝ
Its resolvent admits the following factorization [40] (1 −K(ω))
where G ± (ω) are analytic for ±ℑω ≥ 0, respectively, and also G t + (ω) = G − (−ω) for ℑω ≥ 0. The solution of the system (105) (see also [21] ) iŝ
Denote D = det(1 −K(0)). From (106)- (109) we compute the following quantity
Recall that the odd parity string contributes to the free energy (95) only if ϑ i = ν−1. Observe, however, that its contribution vanishes as T → 0 because it follows from (102) and (94) that ǫ 0 (λ) is positive. Thus, as T → 0, the free energy of the system becomes
Substituting here (110), we obtain the following expression for the magnetic field dependence of the free energy,
The magnetic susceptibility is given by χ = −∂ 2 H f . The value of v s χ does not depend on the normalization of the Hamiltonian (v s is the speed of sound, which in this section is 1 2 ). Thus, we infer from (112) that
Notice that the contribution of the external magnetic field to the free energy (112) does not depend on δϑ, that is why our result coincides with the magnetization of the homogeneous XXZ chain found in [14] (where v s = Jπ/2). Also, choosing ϑ 2 = 2 in (113), we recover the results obtained for the alternating ( 1 2 ,1) chain both in the XXX [21] and XXZ [24] cases.
The H = 0, T ≪ 1 limit
Here we will investigate the low temperature thermodynamics of the model in order to find the corresponding conformal anomaly. In order to evaluate the entropy of the system at small but nonzero temperature we use the following approximations which hold for λ ≫ 1 (see, e.g., [14, 16] )
Employing (114) and taking into account that ǫ n (−λ) = ǫ n (λ), the entropy (91) can be written as
, and we used the Rogers dilogarithm defined as
This function satisfies the following relations
the second of them is called the Abel duplication formula. Moreover, the following identities hold (the first is an easy consequence of the Abel formula; for a proof of the second one see, e.g., [16] )
where n ≥ 1 and ν ≥ 2 are integer.
The knowledge of the entropy allows one to find the corresponding specific heat, C u = T ∂ T s(T ). On the other hand, at low temperature, we have [37] , C u = πc 3vs T + o(T ), where c is the effective central charge of the conformal field theory related to the T = 0 limit, and v s is the speed of sound (Fermi velocity), which is v s = 1 2 for our choice of the coupling constant J = 1/π. Thus, taking into account that L(1) = π 2 /6, we infer from (116) that for the alternating chain we have
where we introduced a new variable, f ν (λ) ≡ 1 − f 0 (λ), and used the first property in (118). Observe that the replacement of the quasi-particle corresponding to the negative parity by a formal k = ν particle makes eqs. (93) to look uniformly (since ǫ ν = −ǫ 0 , η ν = 1/η 0 ). Furthermore, the formal ν-th particle contributes to the central charge (120) in the same way as a genuine quasi-particle. This allows us, in the following analysis, to treat all the k = 1, . . . , ν particles on the equal footing.
For T ≪ 1, the functions ln(1 + η n (λ)) vary very slowly for |πλ| ≪ − ln T and for |πλ| ≫ − ln T . Therefore, at H = 0, T ≪ 1, and λ → ∞, eqs. (93) turn into the following system (which is the same as in the homogeneous XXZ case [14] )
, and I km is the incidence (adjacency) matrix of the graph (that coincides with the Dynkin diagram of D n with n = ν) Under the restriction 0 ≤ f n (λ) ≤ 1, the system (121) has a unique solution:
It follows from the first relation in (119) that 3
A remark is in order here. In the thermodynamic Bethe ansatz approach [41] to the simply laced affine Toda models (when the minimal part of the scattering matrix is considered), the corresponding effective central charge c[g] is given by (120), where f k satisfy the system (121) with I km being the incidence matrix of the related Lie algebra g. From this point of view, equation (123) represents the fact that c[D n ] = 1, independent of n. In the case of g = A n , the system (121) is solved by [14, 42] 
which, according to the second identity in (118), implies
as is well known for the A n affine Toda models.
Now we analyze equations (93) for T ≪ 1 and λ → 0. Consider first the case when ϑ 1 ≤ ϑ 2 < ν −1. The presence of the s(λ)δ nϑ i terms in (93) leads to ǫ n /T = −∞ for n = ϑ 1 , ϑ 2 . Thus, we have f
= 1, which implies the following modification of the system (121)
The system (126) corresponds to a graph which is the D ν -type diagram with the ϑ 1 and ϑ 2 nodes removed (notice that these nodes contribute c 0 = 1 each to the central charge). If ϑ 2 < ν−2, the corresponding graph consists of three disconnected subgraphs -that of A n with n 1 = ϑ 1 −1, n 2 = ϑ 2 −ϑ 1 −1, and D n with n = ν−ϑ 2 . The contribution of the latter subgraph is L(1) and it cancels in (120) against (123). Taking into account (125), we conclude that the corresponding central charge is
which agrees with our numerical results (72) and with the conjectured formula [20] for the XXX alternating chain. For the special case where (S 1 , S 2 ) = ( 1 2 , 1) we recover the result of [21] . Observe that (127) remains valid also for δϑ = 0, although the derivation should be slightly modified.
If ϑ 2 = ν−2, the emerging D n -type subgraph for n = 2 is degenerate (it consists of two disconnected nodes). But 
(0) ν = 1 (so these nodes contribute 3c 0 = 3 to the central charge). Thus, we have to consider the system (126) with
The corresponding graph consists (for δϑ > 0) of two A n diagrams with n 1 = ϑ 1 −1 and n 2 = ν−ϑ 1 −2 = δϑ−1. Therefore, we conclude that the resulting central charge is given by the same expression (127). Again, if δϑ=0, the derivation should be slightly modified but (127) remains valid.
Remarks on the underlying CFT
Eq. (127) can be interpreted as the sum of the central charges of two SU (2) W ZW models at levels ϑ 1 and δϑ which indicates that the structure of the effective conformal field theory is W ZW ϑ 1 ⊗W ZW δϑ . Furthermore, it was argued in [17] for the homogeneous XXZ chain that its underlying CFT contains composite fields formed by products of the Gaussian and the Z(ϑ)-parafermionic fields in agreement with the representation c(ν|ϑ) = 1 + c[A ϑ−1 ] (cf. (127) for δϑ = 0). We may expect a similar operator content for the alternating chain, in particular, composite fields involving Z(ϑ 1 ) and Z(δϑ) parafermions are likely to be present.
It should be remarked here that (127) gives the resulting central charge but does not reflect the fact that all ν quasi-particles in (92) contribute to its value. It is however known for the thermodynamic Bethe ansatz treatment of models with Lie algebraic symmetries, like the simply laced affine Toda models, that the related Lie algebraic structure is often exhibited in the quasi-particle content of characters of the related CFT [43, 44] . It is therefore natural to look for a basis in the CFT related to the (alternating) XXZ chain that would contain ν quasi-particles.
It was observed in [43] that many characters of various conformal models admit the following (so-called fermionic) representation,
where B is n×n real matrix, a and u are n-component vectors, a 0 is a constant, and the q-binomial coefficients are defined for 0 ≤ m ≤ n as
Usually B is related to the Cartan matrix C g of some Lie algebra g, and there are typically certain restrictions on the summation over m k . Analysis of the q → 1 − asymptotics of (128) allows one to find the corresponding central charge as a combination of Rogers dilogarithms with arguments satisfying two systems of non-linear equations [43] . It turns out that our equations (120), (121), and (126) are exactly of this form provided that we make the following identification
where C Dν is the Cartan matrix of the Lie algebra D ν . Furthermore, characters of the type (128) based on g = A k arise in the context of the spinon basis of SU (2) WZW models related to the homogeneous XXX spin chain [45] . This, together with the correspondence (130), makes it plausible that the spinon basis related to the (alternating) XXZ spin chain with the anisotropy γ = π/ν will correspond to (128) based on g = D ν .
Let us stress here that the correspondence (130) is based solely on the data obtained by the thermodynamic analysis of the ground state of the system. It is worth to mention that an additional information, in particular, about a and a 0 in (128), can be obtained from the finite size analysis of low lying excitations (see, e.g., [53, 17] ) because this analysis allows one to find the anomalous dimensions of the fields present in the underlying conformal theory.
The H = 0, T ≫ 1 limit
It is also interesting to examine the high temperature behavior of the entropy and deduce the number of states of the model. In the high temperature limit the pseudo energies ǫ n become independent of λ [14] . Consequently, neglecting the free terms in (93), we obtain the same constant TBA equations as in (121). Thus, we have (cf. (122))
According to (94) and (95), the free energy density at H = 0 in the high temperature limit becomes
Hence, taking into account (131), the entropy is given by
Which implies that (recall that ϑ i = 2S i ) the number of states for the system is
as one could have expected.
Generalization to l spins
Consider the XXZ chain containing l different spins, S 1 , . . . , S l , assigned to sites with periodicity l, i.e, the spins at the sites n and (n+l) are the same. Let us outline how our analysis of the alternating chain extends to this case.
Introduce the following set of transfer matrices for i = 1, . . . , l
They commute with each other and, extending the proof given in Section 2, it can be shown that l i=1 τ (i) (0) generates a shift by l lattice sites (see Appendix B). This means that the Hamiltonian constructed as follows
defines (in the gapless regime) at zero temperature a conformally invariant system. We remark that H is local but involves now interactions of (l+1) nearest sites.
The Bethe ansatz equations now read
Denote ϑ i = 2S i . For the Bethe ansatz analysis, the order of the spins on the lattice is irrelevant, so we assume in the following that ϑ 1 < ϑ 2 < . . . < ϑ l < ν. Then, at T = 0, H = 0, the ground state in the thermodynamic limit is given by ρ k (λ) = 1 l s(λ)δ kϑ i (the Dirac sea of l different strings) with the corresponding energy
At T > 0 the free energy at equilibrium is given by
Equations (93) for the pseudo-energies are modified only in their free terms by the replacement of
Observe that this change does not affect the λ → ∞ analysis in the Section 4.3. For λ → 0 we have now f ϑ i = 1 for i = 1, . . ., l. That is, removing l nodes, we obtain A n diagrams with n 1 = ϑ 1 −1, n 2 = ϑ 2 −ϑ 1 −1, etc. This yields the following central charge
Notice that the condition ϑ i < ν implies that l ≤ ν−1. It is easy to show that, for a given ν, the maximum of (140) is attained if l = ν−1 (that is, if all the possible spins are present),
On the other hand, if l is fixed, then the configuration ϑ i = i corresponds to the minimal possible value, c = l.
The analysis carried out in Section 4.2 extends to the case of l spins by considering the l-component counterpart of the Wiener-Hopf system (105) (with ξ = ν/(ν −ϑ l ) and the coefficients in front of e −πλ being k i /l). Then analogues of (108) and (109) hold (with a factor 2/l appearing on the r.h.s. of (109)), and we derive
ξ . Using now (139) and proceeding as in (111), we conclude that f = e 0 − 1 2π
Whence we infer that
that is, the magnetic susceptibility χ depends, for a given anisotropy, only on the maximal spin S l .
Conclusion
In this article the alternating quantum spin chain model with periodic boundary conditions and its l-spin generalization were investigated via the finite size effects and the algebraic Bethe ansatz method. In a previous work [26] the boundary free energy for the alternating chain was computed by means of the thermodynamic Bethe ansatz method. On the other hand, the effective central charge of the open XXZ spin chain with general diagonal and non-diagonal boundaries was computed recently by means of finite size corrections [48] . A similar computation, but for diagonal boundaries only, was also undertaken in [49] . In both cases the effective central charge clearly depends on the boundary parameters of the model. Let us also mention that the finite size correction approach, when boundaries are present, provides somehow the same information with the TBA description in the so called R channel [50] , whereas the thermodynamic Bethe ansatz approach see, e.g., [49, 51, 26] , can be compared with the TBA description in the L channel [49, 52] . We hope to generalize the finite size correction approach for fused models with open boundaries.
To complete the picture, the thermodynamics of the alternating spin chain and the RSOS(ϑ 1 , ϑ 2 ; q) model with integrable boundaries should be also investigated. Finally, it would be of great interest to continue the thermodynamic investigation for spin chains and RSOS models related to higher rank algebras. We hope to address these questions in a future work.
These equations imply that R ± are the constant universal R-matrices (10) . Observe that (148) implies that R ǫ maps the ∆-basis in V S 1 ⊗ V S 2 into the ∆ ′ -basis. That is, for the orthonormal set of eigenvectors |j, m , m = j, j − 1, ..., −j of a projector P j we have
where the scalar factor ϕ ǫ j does not depend on m (its explicit form is given below). Now we introduce r ± (λ) = R(λ)R ± and then (146)-(147) acquire the form
It follows from (151) that r ± (λ) are functions of the spin operator J, i.e.,
where r ± j (λ) are scalar functions and P j is the projector onto V j in V S 1 ⊗ V S 2 . Using (144), (149), and (150), it is straightforward to check the following relations
Eqs. (153)-(154) show that we can apply (152) to a highest/lowest weight vector |j, ǫj . Doing so and taking (155)-(156) into account, we obtain
Hence r
Solving this functional equation and fixing the overall normalization, we obtain (8) .
Notice that (8) has the form q ψǫ(J) Ω(λ, J)(R ǫ ) −1 , where the functions ψ ǫ (x) and Ω(λ, x) are invariant with respect to the replacement of q by q −1 , and, moreover, Ω(λ, x)Ω(−λ, x) = 1, ψ −ǫ (x) = −ψ ǫ (x). Whence, taking into account the property (R ǫ ) 1/q = (R ǫ ) −1 , we derive the first symmetry relation in (13)
Here J ′ = J 1/q is the two-node spin operator corresponding to the opposite co-multiplication and we used that R ǫ J = J ′ R ǫ , as follows from (148).
If the algebra generators are represented in terms of matrices as in (3), then it is easy to check that J t = J and (R + ) t = (R − ) −1 , where t stands for the matrix transposition. Whence we derive the second symmetry relation in (13) ,
It is straightforward to see from (15)- (16) that action of the * -operation (38) on the two-node spin operator J is given by (J q ) * = Jq. This, along with the property (R ±,q ) * = (R ∓,q ) −1 , leads to the first relation in (39):
The second relation in (39) follows from (22) , (161), and the symmetries (13) and (23) . For instance, for γ ∈ R we have
To prove the important identity (11), we employ Theorem 3.1 from [47] that states (in our notations) that the U q (sl 2 ) Clebsch-Gordan coefficients satisfy the following relations
where κ(x) ≡ x(x + 1), and (R
|m 1 ⊗ |m 2 are matrix elements of the R-matrix in the V S 1 ⊗ V S 2 basis. These formulae show that for (150) we have
and also that 
which proves (11) for ǫ = +. Analogues formulae for ǫ = − are obtained by observing that the map S + ↔ S − , S 3 ↔ −S 3 , q ↔ q −1 is an automorphism preserving the co-multiplication (144). In particular, we have
which along with (150) and (165) leads to the following relations
Inverting these relations, we obtain
Indeed, to prove this formula, it suffices first to observe that, as seen from (168), the only projector which is present in all the factors of the r.h.s. of (169) is P j , and then to check the corresponding normalization. In the simplest case, (S 1 , S 2 ) = ( 
Consider now the universal R-matrix introduced in (22) . It is a solution to equation (145) for the L-operator (20) . The latter, unlike the L-operator (4), does not decompose into two Borel components. As a consequence, instead of (146)-(147), we have four λ-dependent relations:
R(λ) (e ǫγλ q −S 3 ⊗ S ǫ + S ǫ ⊗ q S 3 ) = (e ǫγλ q S 3 ⊗ S ǫ + S ǫ ⊗ q −S 3 )R(λ) .
Observe thatR(λ) ≡ (R(λ)) t solves the same set of equations, which, taking into account that the solution to (171)-(172) is unique (up to a scalar factor), implies that (R(λ)) t = ζ(λ)R(λ), with ζ(λ) being a scalar function. In fact, ζ(λ) = ±1 because t •t = id. The possibility of ζ(λ) = −1 is excluded by the fact that the vector |S 1 ⊗ |S 2 is an eigenvector ofR S 1 S 2 (λ) with a non-vanishing eigenvalue (hence the first matrix element ofR S 1 S 2 (λ) in the basis corresponding to (3) is non-vanishing). Thus, we infer that ζ(λ) = 1, which proves the last relation in ( 
= (e −γλ(1⊗S 3 ) (R(λ)) t e γλ(1⊗S 3 ) ) −1 = ((R(λ)) t ) −1 = (R(λ)) −1 .
Finally, sinceR(0) = R(0), the symmetries (14) follow obviously from (13) and (23) .
Appendix B: Construction of the shift operator 
where R S i S j n,m (λ) is the XXZ R-matrix (assigned to the sites n and m of the lattice in the sense of Section 2). Notice that in each product all the factors commute with each other iff i = j mod l. Along with the property (45) this implies that 
Consider now the transfer matrices (135). It is not difficult to derive for them an analogue of eq. (27) ,
where U (i) = N k=i mod l P k,k+l (the factors are ordered from the left to the right) acts nontrivially only on the nodes n = i mod l,
Observe that U = U (1) U (2) . . . U (l) is the lattice shift operator (generating a shift by l sites).
Notice thatQ i,j U (j) = U (j) Q i,j − . Therefore (taking all U (j) to the left) we have ) and also make possible the next step (that is, Q i,i+k+1 − will be able to move through the next k rows). Consequently, after the (l−1)-th step we will have all Q's eliminated, and so we conclude that τ (1) (0) . . . τ (l) (0) = U .
